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Abstract

This study examines the quantitative properties of optimal sustainable monetary
policies using a monetary model with a stabilization bias. As in Kurozumi (2008),
the optimal sustainable policy is a strategy considered in the absence of commitment
technologies; however it is implemented following an optimal quasi-sustainable policy
derived by assuming that the commitment technologies are present. This study finds
that solving for the policy function of the optimal quasi-sustainable policy yields a
result basically identical to the Ramsey-optimal commitment policy under a set of pa-
rameters commonly used in the literature. The simulation shows two further results:
policymakers have incentive to deviate from the Ramsey-optimal commitment policy
when the lagged output gap is large and the optimal quasi-sustainable policy endoge-
nously diminishes the steadfastness of policymakers’ commitment.
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1 Introduction

In New Keynesian (NK) models used in recent monetary policy analysis, the Ramsey-optimal
commitment policy usually yields higher social welfare than an optimal discretionary policy,
in which policymakers cannot commit to future policies." Time-inconsistency plagues the
optimal commitment policy (Kydland and Prescott, 1977; Barro and Gordon, 1983) because
policymakers are tempted to abandon their previously announced policy and exploit the
private sector’s expectation.

To overcome the time-inconsistency problem, Kurozumi (2008) proposes the optimal
sustainable monetary policy by analyzing Chari and Kehoe’s (1990) sustainable plans in
an NK model. The optimal sustainable monetary policy is based on the more realistic
assumption that policymakers cannot access commitment technologies but can use reputation
among the private sector. Therefore, when considering conduct of monetary policy, the
optimal sustainable monetary policy is an important alternative to the Ramsey-optimal
commitment policy. However, Kurozumi’s analysis considers only qualitative properties;
i.e., it merely checks whether policymakers have incentives to deviate from the optimal
commitment policy.

This study presents a quantitative analysis of optimal sustainable monetary policies. As
stated in Kurozumi (2008), the optimal sustainable policy is a strategy for the best sustain-
able equilibrium in the absence of commitment technologies.? However, it is implemented by
following the optimal quasi-sustainable policy derived from the Lagrange method of Marcet
and Marimon (1994, revised in 1998 and 2011) assuming the presence of commitment tech-
nologies. This study applies a version of the policy function iteration method in Kehoe and
Perri (2002) to solve for the policy function of the optimal quasi-sustainable policy. While
doing this, it examines the equilibrium dynamics of optimal sustainable monetary policies,
such as impulse response functions and stochastic simulations.

This study finds that the optimal commitment policy is sustainable (i.e., the optimal
quasi-sustainable policy yields a result basically identical to the optimal commitment policy)
given a particular parameter set and a price markup shock as calibrated from U.S. data and
commonly found in the literature.® This finding contrasts to Kurozumi’s finding that the

optimal commitment policy is not sustainable for some plausible parameters.

!'We assume that the optimal commitment policy considered here is under time-0 perspective. See a
discussion later in the introduction.

2The optimal sustainable policy exploits an explicit punishment for the deviation from the current policy.
This out-of-equilibrium punishment in the optimal sustainable policy serves as the commitment technologies
in the optimal quasi-sustainable policy.

3See Rotemberg and Woodford (1998), Woodford (2003), Adam and Billi (2006, 2007), Nakov (2008),
Giannoni (2010), and Bodenstein, Hebden, and Nunes (2012).



There are two types of the optimal commitment policy in the literature. No commitment
is made in the past at an initial period ty. If the policymaker made commitment in period
to > —o0o, the optimal commitment policy is under time-0 perspective. In contrast, such an
initial period is set in the infinite past under timeless perspective (Woodford, 1999). Dennis
(2010) and Sauer (2010a,b) show that the optimal discretionary policy can be superior to
the optimal commitment policy under the timeless perspective when the lagged output gap
is large. The lagged output gap measures policymakers’ previous commitment; the larger
the gap, the greater are policymakers’ incentives to deviate from that commitment. In this
study, the optimal quasi-sustainable policy endogenously diminishes the steadfastness of
their commitment when the lagged output gap is large. In an economy with some alternative
parameters, the optimal quasi-sustainable policy yields higher social welfare than the optimal
commitment policy in terms of the unconditional expected utility. This occurs because the
optimal quasi-sustainable policy diminishes the steadfastness of policymakers’ commitment

and reduces the volatility of inflation and the output gap.

Related literature

Drawing upon game theory, Chari and Kehoe (1990) propose the concept of sustainable plans
that become optimal in dynamic decision-making for a player who cannot commit to future
plans in the present. Their standard is subgame perfect equilibria in repeated games between
a strategic player and an infinite number of small agents. Chari and Kehoe (1990) follow
Abreu (1988) in using the worst sustainable equilibrium to characterize the entire set of
sustainable equilibria. The best sustainable equilibrium is then supported by the reputation
of the strategic player among small agents. The equilibrium condition is summarized by the
sustainability constraint, an inequality implying that any sustainable equilibrium outcome is
above the worst.

The source of the time inconsistency in NK models is not only the well-known inflation
bias but also a stabilization bias following price markup shocks and a trade-off between
stabilizing inflation and stabilizing the output gap. Kurozumi (2008) proposes the notion
of optimal sustainable monetary policy after analyzing Chari and Kehoe’s sustainable plans
in an NK model. He examines stabilization bias with an infinite length of punishment
under the optimal discretionary policy and finds that the sustainability constraint is binding
for some plausible parameters and the upper bound of the markup shock. Loisel (2008)
considers inflation bias and stabilization bias with a finite duration of punishment under the
optimal discretionary policy and concludes that both can be overcome (i.e., the sustainability
constraint is not binding) by the reputation of the policymaker when the duration is a few

years. However, Kurozumi (2008) and Loisel (2008) examine only whether the sustainability



constraint is binding and disregard the optimal sustainable policy itself.

Woodford (1999) overcomes time-inconsistency in the Ramsey-optimal commitment pol-
icy by disregarding time—i.e., by assuming policymakers committed to future policies in
the indeterminate past. The optimality condition in the initial period then can be ignored
and a time-invariant policy rule can be derived. However, when the policies are evaluated
according to policymaker’s objectives from date t; > —oo forth, and taking the state of
the economy at date ¢y as given, the optimal discretionary policy can be superior to the
optimal commitment policy under the timeless perspective (Dennis, 2010; Sauer, 2010a,b).
Thus, policymakers concerned with social welfare from date t, forth may have incentive to
abandon previous commitments.

Computations to solve time-inconsistency problems are difficult because analysis must
handle dynamic incentive constraints, which defy Bellman’s principle of optimality. Marcet
and Marimon (1994, revised in 1998 and 2011) develop a Lagrange method—the recursive
saddle point method—to consider incentive constraints in a dynamic economy. Kehoe and
Perri (2002) apply the method in a two-country model with incomplete markets. Similar to
this study, they numerically solve for the policy function using a version of policy function
iteration method closely related to methods for handling occasionally binding constraints
(e.g., Christiano and Fisher, 2000) because incentive constraints are occasionally binding.
Adam and Billi (2006) studied the optimal commitment policy with an occasionally binding
zero lower bound (ZLB) on nominal interest rates utilizing Marcet and Marimon’s method.

This reminder of the paper proceeds as follows. Section 2 explains the model, the pol-
icy game, and computational procedures and calibrations. Section 3 discusses quantitative
properties of optimal sustainable monetary policies, such as impulse responses and stochastic
simulations. Section 4 presents an analysis using the alternative parameter sets in Kurozumi
(2008) for comparison. Section 5 concludes. Analytical results and computational details

appear in the Appendix.

2 Framework for the analysis of optimal monetary poli-
cies

Section 2.1 presents a monetary model featuring a stabilization bias and demonstrates the
time-inconsistency problem.” Section 2.2 reproduces some results in Kurozumi (2008). The
optimal sustainable policy is a strategy for the best sustainable equilibrium. It is con-

ducted by following the optimal quasi-sustainable policy derived from the Lagrange method

4The model here has a micro-founded structure. See Gali (2008) and Woodford (2003) for its details.



of Marcet and Marimon (1994, revised in 1998 and 2011). Sections 2.3 shows the computa-
tional procedure for solving for the policy function of the optimal quasi-sustainable policy,

as in Kehoe and Perri (2002). Section 2.4 explains the calibration.

2.1 A monetary model with stabilization bias

The economy contains an infinite number of private agents and a monetary policymaker.
Private agents set prices under monopolistic competition in a staggered price setting. Up to

the first-order approximation, their behavior is represented by the Phillips curve:
T = BET + Koy + g, (1)

for all ¢ > 0, where 7 is current inflation, E;m;; is expected future inflation, x; is the
output gap, and wu; is the exogenous price markup shock. 5 € (0,1) is the discount factor
and x > 0 is the elasticity of inflation to the output gap. The markup shock u, follows an
AR(1) process:

Uy = PUi—1 + &, (2)

for all t > 0 and given u_; = 0, where p € (—1, 1) is persistence of the markup shock, and &, is
disturbance to the shock with a variance o2 > 0. ; is assumed to be bounded per Kurozumi
(2008) and Loisel (2008). The policymaker chooses a sequence of inflation rates and output
gaps {m, x4 }7°, to maximize social welfare. That is, the second-order approximation of the

representative household’s expected utility in Period 0 is

oo
Vo=—-E, Z BHr2 + M, — %), (3)
t=0

where A > 0 is a weight to stabilize the output gap relative to inflation and z* is the target
level of the output gap, which stems from monopolistic competition and distortion in the
steady state. Subsidies are assumed to offset the monopolistic distortion so that the steady
state is efficient (z* = 0). Therefore, there is no inflation bias, and stabilization bias is the

sole source of time-inconsistency.
The literature usually considers two types of optimal policies for analyzing optimal mon-
etary policy in NK models. Under the optimal discretionary policy, the economy follows
a Markov equilibrium in which the state variable is the only markup shock. Policymakers

maximize (3) subject to Equation (1) for all ¢ > 0, given expected future inflation Eym; ;.



When x* = 0, the optimal discretionary policy is characterized by the optimality condition
T = —(A/K)zy, (4)

for all ¢ > 0. In this instance, Equations (1) and (4) determine inflation and the output
gap given the exogenous shock process (2). Under the optimal commitment policy, the
policymaker can commit to future policies and influence private agents’ expectations. The

optimal commitment policy is characterized by the optimality condition

T = —(AK) (T — T41), (5)

for all £ > 0 with an initial condition z_;. Equations (1) and (5) then determine inflation
and the output gap given the state variable z;_; and exogenous shock process (2).

Figure 1 graphs how inflation and the output gap are determined under the optimal
commitment policy with the initial condition x_; = 0 and under the optimal discretionary
policy. It demonstrates the time inconsistency of the optimal commitment policy.” Inflation
and the output gap are determined at the intersection of the upward-sloping Phillips curve
and the downward sloping optimality condition. A positive markup shock occurs in Period
0, shifting the Phillips curve upward and inducing a rise in inflation and a drop in the output
gap. Under the optimal discretionary policy, given no future inflation (Eym; = 0), there is a
trade-off between stabilizing inflation and stabilizing the output gap. Both are determined at
Dy. Under the optimal commitment policy, the policymaker can commit to future deflation
in Period 1 (Egm; < 0), which shifts the Phillips curve downward and accommodates this
trade-off by offsetting the markup shock. Inflation and the output gap are determined at Cj,
which surpasses Dy in social welfare. However, the optimality condition shifts downward in
Period 1 because of the commitment made in Period 0. Therefore, inflation and the output
gap are determined at C, and it is worse than at D;. If the markup shock in Period 1 is
absent, the policymaker has incentive to abandon previous commitments and to stabilize
both inflation and the output gap in Period 1.

Two types of commitment policies pertain to the lagged output gap in Period 0, x_1. In
the time-0 perspective, the initial period is period 0 and x_; = 0 because no commitment is
made in Period 0. In the timeless perspective, the initial period is in the indeterminate past,
and the initial condition x_; is predetermined. In the timeless perspective, even in Period
0, the policymaker may have incentive to deviate from previous commitments and by doing
so can exploit private agents’ inflation expectations. The optimal discretionary policy can

be superior to the optimal commitment policy under the timeless perspective (Dennis, 2010;

A similar figure appears in Woodford (1999).



Sauer, 2010a,b), even in Period 0, because the initial condition is predetermined.

[Figure 1 is inserted here|

2.2 Optimal sustainable policy

To overcome the time-inconsistency in the optimal commitment policy, Subsection 2.2 con-

siders a policy game between an infinite number of private agents and a policymaker.

2.2.1 Sustainable equilibrium and the sustainability constraint

The policymaker acts first, after which private agents respond to its policy. The history
relevant to agents’ behavior is given by hg = ug and h; = (hy_1, 21, u;) for all t > 0. The
policymaker’s strategies are given by x; = o,(h;) and contingent plans for any possible future
histories (05)s>t+1. Given current history (hy,x;) and (0s)s>141, private agents’ reaction
functions are given by m = f;(hy, ;) and contingent plans for any possible future histories

(fs)s>t+1. Sustainable equilibrium of the model in the previous section is defined as follows:

Definition 1. A sustainable equilibrium of the model is a pair (o, f) of a monetary policy
strategy and private agents’ reaction to the policy strategy such that
(i) given the policy strategy o and current history (hy, x;), the continuation of private

agents’ reaction f satisfies

filhe, ) = BE frsr (i, o1 (hugr))] + Ky + wy, t>0
fs(h57 O'S<h8)) = ﬁES[fs+1<hS+1a Us+1(hs+1))] + ’%US(hS) +us, s=>t+1

for all possible future histories induced by o.
(ii) given private agents’ reaction f and and current history h;, the continuation of the

policy strategy o solves

[e o]

max(s,),,, —E Z Bs_t“fS(hsv 58<h8))]2 + )‘[5S(h5)]2]

s=t

s.t. fS(hS7 6S<h8)) = BES [fs+1(hs+17 6s+1 (hs+1>)] + K&S(hs) + Us

for all possible future histories induced by (7)s>¢-

6Note that 7 is excluded from the public history because private agents are policy takers and only the
policymaker may have incentive to deviate from current policy, as in Chari and Kehoe (1990) and Kurozumi
(2008).



Under any sustainable equilibrium, the policymaker acts so that the sustainability con-

straint,
—E Y Bl 4 aal) = Whwy), (6)
s=t
. . NQ 52 .
holds in every period t > 0, where W(u;) = _(1—,8p+52r//\)/;\(1—ﬁp2) (u? + f_ﬁ) < 0 is the

worst sustainable equilibrium outcome, which is induced by the optimal discretionary policy.”

Kurozumi (2008) proves the following propositions:

Proposition 1. The rational expectations equilibrium (REE) under discretionary policy is

the worst sustainable equilibrium of the model.

Proposition 1 shows that W¢(u;) attains the lowest value among outcomes of sustainable
equilibria. Given the sustainability constraint, the worst outcome assures that the best

sustainable equilibrium is included in the set of all sustainable equilibria.

Proposition 2. Any arbitrary pair (m,z) of contingent sequences of inflation rates and
output gaps is an outcome of a sustainable equilibrium if and only if; (i) the pair (mw, x)

satisfies (1) in every period t > 0 and (ii) the inequality (6) holds in every period t > 0.

Proposition 2 shows that any arbitrary sequence {7, x;}$2, is an outcome of a sustainable
equilibrium if and only if Equations (1) and (6) are satisfied for all t > 0. These constraints
define the entire set of sustainable equilibrium outcomes.

The optimal sustainable policy is a strategy for the best sustainable equilibrium. To
analyze it, Kurozumi (2008) derives the optimal quasi-sustainable policy, which induces the
best sustainable equilibrium outcome in the presence of commitment technologies. The
policymaker chooses {m, x;:}5°, to maximize (3) subject to Equations (1) and (6) for ¢t > 0.
Kurozumi argues that “the optimal sustainable policy now becomes a policy strategy which
specifies to continue the optimal quasi-sustainable policy as long as it has been adopted in the
past; otherwise, the strategy specifies to switch to the optimal discretionary policy forever.
This implies that the optimal sustainable policy is conducted by following the optimal quasi-
sustainable policy and yields the best sustainable equilibrium outcome in the absence of
commitment technologies (Kurozumi, 2008, p. 1278).”

If the policymaker abandons its previous policy, the trigger strategy specifies switching
to the optimal discretionary policy, which is off the equilibrium path, indefinitely. One
might wonder if other equilibria would be chosen if the trigger strategy involved milder

punishment—for example, the finite duration in Loisel (2008). Since no theory currently

"See Appendix A.1 for the derivation of W%(u;). There are no temporary gains from deviating, as in a
model with inflationary bias (Ireland, 1997), because the policymaker acts first.



suggests how other equilibria are chosen, it is assumed that the policymaker and private
agents switch to the optimal discretionary policy indefinitely, rather than to a less punishing

policy.

2.2.2 Characterizing the optimal sustainable policy

To characterize the optimal sustainable policy, this study uses the Lagrange method of
Marcet and Marimon to derive the optimal quasi-sustainable policy. The Lagrangian in

Period 0 is set up as

ﬁo = EO Zﬂt {—(77'? + )\ZL'?) + 2¢t(ﬂ—t — ﬁEtﬂ't+1 — RT¢ — Ut)
t=0

} : (7)

where ¢, and ¢, are Lagrange multipliers on each constraint (1) and (6) for t > 0. Abel’s sum-
mation formula is used with the law of iterated expectations Eqg Y oo ¢ [Er Y oo, 57Hm2 4+ Aa?)] =
Ey 302, B (320, ¢i) (m2+Az?) to eliminate the infinite sum in the sustainability constraints,
and Eo Y 2 f'oi(m — BEm1) = Eo Y o B (¢ — ¢r—1)m: to eliminate the forward term of

the inflation rate:

[e.e]

—¢, | By Z B (w2 + Ax?) + Wd(ut)

s=t

£0 = EU Zﬂt {—\I]t(ﬂ'? + )\ZC?) + 2(¢t — ¢t71)7rt — 2¢t(:‘€$t + Ut) — (pth(ut)} s

t=0

where U, = W, | + ¢, with an initial condition ¥_; = 1 and ¢_; = 0.® From the first order

conditions of m; and x;, the optimality condition of the optimal quasi-sustainable policy is

A U,
Ty = —— (% - \Itj 1$t1> ) (8)
t

K

for all ¢ > 0 with an initial condition x_;. This is different from the optimality conditions
of the optimal commitment policy (5) and the optimal discretionary policy (4). In the opti-
mal quasi-sustainable policy (8), the lagged output gap x;_; also appears in the optimality
conditions, and the ratio of the sum of Lagrange multipliers on the sustainability constraint
U, /W, =W, 1/(V,_1+ o) € (0,1] appears as a coefficient on the lagged output gap.

If the sustainability constraint is slack, the optimal quasi-sustainable policy appears iden-
tical to the optimal commitment policy (see Equation (5) and Equation (8) with W, /U, =
1). If the sustainability constraint is binding, ¢; > 0, then 0 < ¥;_; /¥, < 1 and the optimal

8The Lagrangean corresponds to the saddle point problem in a recursive form considered in Marcet and
Marimon (2011).



quasi-sustainable policy is intermediate between the optimal commitment policy and the op-
timal discretionary policy (see Equations (5) and (4)). Under the optimal quasi-sustainable
policy, the policymaker endogenously reduces the steadfastness of its commitment via the

lagged output gap, if the current period sustainability constraint is binding.’

2.3 Solving for the optimal quasi-sustainable policy

In the optimal quasi-sustainable policy, the equilibrium conditions in period ¢ are summarized

as
K i \I/t—l

Ty = ——T Ti_1,

t N T, t—1
Wy =Wy g + ¢y,
T = BEmT 1 + KTy + Uy,
B3 A 4 A2 > W),

s=t

for t > 0, given initial conditions x_; and W_; = 1. This is the four-equation system of
four endogenous variables {x;, m, U, @1 }52, given a sequence of exogenous shock {u;}52,.
Therefore, the system can be solved in principle, but not via the usual methods because
there is an infinite sum of future variables in the sustainability constraints, which occasion-
ally bind given the exogenous stochastic process. Instead, a version of the policy function
iteration method is used, as in Kehoe and Perri (2002).'? To this end, the value of continuing
the current policy is defined as V; = —E; Y -, 3* (72 + Az?) (Note that the policymaker

maximizes social welfare in Period 0, ;). The system is written recursively as

V, = —(7} + Ax}) + BEVi41,
Ty = _gﬂ't + 2421,
T = KTy + u + BB,

‘/t Z Wd(ut)7

where z, = U,_1/U, € (0,1] is the steadfastness of commitment, which equals 1 if the

sustainability constraint is slack, and less than 1 if it is binding. u; and z;, ; are the state

%0One may ask whether the binding constraint imposes a cost on the policymaker that might increase
its incentive to abandon the optimal quasi-sustainable policy. The question is moot, as the presence of
commitment technologies is assumed.

10Tn Kehoe and Perri (2002), the worst sustainable equilibrium value is a function of the endogenous state
variable. In this study, it is a function only of the exogenous state variable.

10



variables. V;, 7y, r; and z; are the jump variables.'' Let s = (u,z_1) € U x X where U and

X are closed sets. A state-space representation is then obtained:

V(s) = —([n ()] + Mz ()]) + 8 ) p(u|u)V (', 2(s)),

x(s) = —gw(s) + z(s)x_q,

m(s) = ra(s) +u+ 8 pluu)r(u,o(s)),

V(s) = W(u),
where 7(s), x(s), and z(s) are the policy functions and V' (s) is the value function. p(u'|u)
represents a transition probability matrix, which approximates the AR(1) process in Equa-
tion (2). This system has a recursive structure with regard to V(s) and 7 (s), making it
possible to apply a policy function iteration method to the system. The occasionally bind-
ing constraint V(s) > W%(u) must be addressed; hence, two cases are considered at each
grid point s € U x X. The constraint is slack or binding. Appendix A.2 provides the
computational details.

This approach characterizes the behavior of the optimal quasi-sustainable policy directly
and solves the equilibrium conditions for the policy functions instead of solving the sustain-
ability constraint for the lower bound of the discount factor 3, as explained in Section 4.
Then the approach calculates the probabilities of binding constraints (and other statistics),
unlike Kurozumi. These results are quantitative; Kurozumi’s results are qualitative, as he

checked only whether the optimal commitment policy is sustainable.

2.4 Calibration

Parameter values (5, k, A, p, 0.) are calibrated, and the ranges of state spaces U and X are set.
Table 1 summarizes the parameter values. For the slope of the Phillips curve and the weight
to the output gap, x = 0.024 and A\ = 0.048/4% = 0.003 are chosen. These were originally
estimated by Rotemberg and Woodford (1998) and Woodford (2003) and are common in the
literature (Adam and Billi, 2006; 2007; Nakov, 2008; Giannoni, 2010; Bodenstein, Hebden,
and Nunes (2012))." Estimates by Adam and Billi (2006; 2007) serve as markup shock
parameters; p = 0.0 and 0. = 0.154 based on quarterly U.S. data from 1983:1 to 2002:4.

Finally, the discount factor to match a 3.5% annual real interest rate is calibrated; it implies

Hy = U;_1/(Vi—1 + ) is a jump variable because it depends on the Lagrange multiplier in the current
period ;.

2Note that m; is the quarterly inflation rate in the model, whereas Woodford estimates using an annual
inflation rate. Therefore, I divide the original estimated value of A by 42.

11



that 8 = 1/(1 + 23%) = 0.9913. 8 = 0.9 is used to demonstrate the difference between the
optimal quasi-sustainable policy and the two other. Several alternative parameters sets are
used to compare quantitative results with Kurozumi’s qualitative results in Section 4. The
upper bound of the disturbance is mo. and m = 6 is set.!* Maximum and minimum values of
X are chosen to be consistent with the optimal volatility of the output gap. The number of
grids is n, = 31 for U and n, = 15 for X. Tauchen’s (1986) method is used to approximate
the AR(1) process (Equation (2)) with parameters (p,o.,m) for U and p(u'|u). Use of the
Tauchen approximation makes u; € U virtually bounded, as in Kurozumi (2008) and Loisel
(2008). For comparison, the policy and value functions under the optimal commitment and

discretionary policies are numerically obtained by policy function iteration method.

[Table 1 is inserted here|

3 Numerical results

This section shows impulse response functions of disturbances to the markup shock and
stochastic simulations. Section 3.1 demonstrates differences among the optimal quasi-sustainable
policy, the optimal time-0 commitment policy (i.e., the optimal commitment policy under the
time-0 perspective), and the optimal discretionary policy with a low discount factor § = 0.9
and a large shock. The optimal quasi-sustainable policy is intermediate between the optimal
time-0 commitment policy and the optimal discretionary policy. By contrast, in Section 3.2,
using the high discount factor 5 = 0.9913 common in the literature, the difference between
the optimal quasi-sustainable policy and the optimal commitment policy is practically zero.
This result contrasts with Kurozumi’s result with the upper bound of the markup shock and

lagged output gap.

3.1 Impulse responses and policy functions: the case with g = 0.9

Figure 2 computes the impulse response functions of a large disturbance ¢y (5 x 0.154% =
0.77%), with a low discount factor 5 = 0.9 and initial condition z_; = 0, under the time-0
perspective. The chosen discount factor § = 0.9 is extremely low for a quarterly model.
Therefore, the policymaker gives less consideration to a long-term relationship with private
agents and the optimal commitment policy is less likely to be sustainable. Stochastic simula-
tions with a high discount factor and reasonably-sized shocks appear in the next subsection.

Under the optimal discretionary policy, the economy responds in Period 0 only; as there is

no persistence in the markup shock (p = 0), inflation rises and the output gap drops. Under

13This is larger than m = 3, the value commonly used in the literature (Judd, 1992).

12



the optimal time-0 commitment policy, the policymaker promises deflation after Period 1 to
accommodate a trade-off between stabilizing inflation and the output gap in Period 0.

Under the optimal quasi-sustainable policy, the policymaker promises less deflation after
Period 1 and less stabilization in Period 0 than under the optimal time-0 commitment policy.
Period 1 features an incentive for the policymaker to deviate from the past commitment,
and the optimal quasi-sustainable policy diminishes the steadfastness of the policymaker’s
commitment. The sustainability constraint in Period 1 is binding (¢; > 0), and the ratio of
the sum of Lagrange multipliers on the sustainability constraint W, ; /W, takes a value below
1.

[Figure 2 is inserted here|

The optimal quasi-sustainable policy falls between the optimal time-0 commitment policy
and the optimal discretionary policy. To inspect the mechanism behind this result, the policy
function of z;(us, x4—1) = Vi1 /¥ is examined in Figure 3.a. In Period 0, the markup shock
rises (ug > 0) and the lagged output gap is zero (x_; = 0). Therefore, the value of continuing
the current policy V(ug,z_1) exceeds the value of switching to the optimal discretionary
policy W%(uy), and the sustainability constraint in Period 0 is slack (V (ug,z_1) > W%(uy)).
In Period 1, the markup shock reverts to the mean (u; = 0), but the lagged output gap
remains negative (zg < 0). Therefore, V (uy, zo) is lower than W% (u,), and the sustainability
constraint in Period 1 is binding (V (u1,79) = W%(u;)). This makes the coefficient on the
lagged output gap less than 1 (z(uy,zo) = Vo/¥; < 1).

The difference between the conditional expected utility induced by the optimal timeless
commitment policy V¢(u;, ;1) and the conditional expected utility induced by the optimal
discretionary policy W%(u;) is analytically obtained (Figure 3.b)." — max{V*(us, x;_1) /W% (u;)—
1,0} is used for a measure of the difference. Tf V(u;, z,_1) < Wé(uy), it takes a value less
than 0.

Figure 3.a shows the region wherein the sustainability constraint is binding and the policy
function of z(uy, x;_1) takes a value less than 1. It largely corresponds to the region where the
optimal discretionary policy is superior to the optimal timeless commitment policy in terms
of the social welfare in Period ¢ (Figure 3.0). When the absolute value of u; is smaller and/or
the absolute value of x;_; is larger, z(us, z;_1) < 1 and Ve(uz, 2;_1) < W%(u;) are more likely
to hold. This is because the value of policymakers” commitment is lower—the outside option
is better—when u, is smaller, whereas there is more incentive for the policymaker to abandon

the current policy when x; ; is larger.

14Gee also Appendix A.1. Sauer (2010a) shows a similar figure to argue that the optimal discretionary
policy can be superior to the optimal commitment policy under the timeless perspective, when the economy
is currently far from the steady state.
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[Figure 3 is inserted here|

Note that the optimal quasi-sustainable policy is also intermediate between the optimal
time-0 commitment policy and the optimal discretionary policy, even in Period 0 when the
sustainability constraint is slack. In Figure 4, the policy functions of 7(uy, 0) and x(uy, 0) are
plotted. When the lagged output gap x; 1 equals 0, the sustainability constraint in Period
t is slack (z(us,0) = 1) and V¢(uy, 0) > W4(u,) holds for every u; € U, as Figure 3 shows.
When the markup shock is large, however, the optimal quasi-sustainable policy differs from
the optimal time-0 commitment policy and the optimal discretionary policy. This occurs
because rational expectations take into account the future possibility of binding constraints.
The markup shock reduces the output gap in Period 0, and the sustainability constraint
to bind via the dropped lagged output gap in Period 1. Thus, the policymaker weakens
stabilizing inflation and the output gap in Period 0.

[Figure 4 is inserted here|

3.2 Stochastic simulations

Stochastic simulations with a reasonably sized markup shock examine how the time-inconsistency
problem is relevant to actual conduct of monetary policy. The same exercise is performed
for each of the optimal quasi-sustainable, commitment, and discretionary policies using the
numerically obtained policy functions.

Using the sequence obtained by stochastic simulations of the policy functions, the prob-
ability of binding sustainability constraint Pr{z < 1} is calculated, which exceeds 0 when
the optimal commitment policy is not sustainable. The unconditional expected (discounted
sum of) utility V = EV (z;_1,u;) = (1 — 8)71 (02 + A\o?) is also calculated, where 02 and o2
are the unconditional variances of inflation and the output gap. The conditional expected
utility V(0,0) is obtained by evaluating the value function at (u,z_;) = (0,0).

The optimal time-0 commitment policy always surpasses the conditional expected utility
of the optimal quasi-sustainable policy because the policymaker maximizes the conditional
expected utility itself in Period 0 given (u,z_;) = (0,0). A less constrained problem without
the sustainability constraint is solved for the optimal time-0 commitment policy than the
problem with the constraint for the optimal quasi-sustainable policy. By contrast, the un-
conditional expected utility of the optimal quasi-sustainable policy can surpass that of the
optimal timeless commitment policy, for it reflects the variation of the lagged output gap

in the initial period and diminishes the steadfastness of commitment via the lagged output
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gap.15

The result of stochastic simulations appears in Table 2. When £ = 0.9, the probability of
binding constraints Pr{z < 1} is approximately 6.8%. This figure seems small (once in five
years in a quarterly model), but it slightly affects the optimal volatilities of inflation and the
output gap (o2 and o2) and hence unconditional expected utility (V = (1 — )71 (02 + \o2)).
The optimal quasi-sustainable policy yields higher social welfare than the optimal timeless
commitment policy with regard to unconditional expected utility because it diminishes the
steadfastness of commitment and reduces volatility of inflation and the output gap.'®

However, when 5 = 0.9913, the difference between the optimal quasi-sustainable policy
and the optimal commitment policy is practically zero in terms of conditional or uncondi-
17

tional expected utility."* In other words, policymakers have no incentive to deviate from

the Ramsey-optimal commitment policy under the parameter set commonly used in the

literature.'®

[Table 2 is inserted here|

4 Difference from Kurozumi (2008)

The framework presented in Sections 2.1 and 2.2 originates in Kurozumi (2008). This study
uses a method different from Kurozumi, inducing differences in the simulation result. This
section explains such differences.

To evaluate the sustainability constraint, Kurozumi (2008) assumes that disturbance ¢
is bounded by mo. where m is an integer, and the upper bounds on the markup shock
and lagged output gap of the optimal commitment policy are v, < B = mo./(1+ |p|) and
-1 < lagz|B/(1 — b,), where a, and b, are the coefficients of the policy function of the

output gap (x; = azu; + byx;_1). Then Kurozumi calculates a lower bound on the discount

15This is consistent with the argument that the optimal discretionary policy can be superior to the optimal
timeless commitment policy when the lagged output gap is large (Dennis, 2010; Sauer, 2010a,b).

16 Jensen and McCallum (2002) point out that other policy rules are better than the optimal timeless
commitment policy to maximize conditional or unconditional expected utility. However, rules proposed in
Jensen and McCallum (2002) are not time-consistent, whereas the optimal quasi-sustainable policy is.

17This result is only up to a precision of numerical solutions. Approximation errors are very small especially
when 8 = 0.9913, which are computed in Appendix A.2.

18 As Section 2.2.1 explained, it is assumed that if the policymaker abandons the previously adopted policy,
he/she and all private agents switch to the optimal discretionary policy indefinitely. If other equilibria were
chosen with a less harsh trigger strategy, the policymaker may have incentive to deviate from the Ramsey-
optimal commitment policy.
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factor for which the optimal commitment policy is sustainable. This is given by'”

8 =mf{se(0,1): F(B)>0v5 € (8,1)},

where

F(B) = V*(B, |az| B/(1 - b)) = W*(B).

This approach, however, can find only whether the sustainability constraint is binding for
the maximum size of the markup shock and a particular value of 5. The policy function
approach solves for the policy function instead, and calculates the probability of a binding
constraint with a reasonably sized markup shock.

Table 3.a shows the probability of binding constraints for parameter values (k, A, p) con-
sidered in Kurozumi (2008).?° The probability of a binding constraint is 0 except when
A/k is high. The optimal commitment policy is sustainable for some plausible parameters,
including the baseline parameters in Section 3. This finding contrasts with Kurozumi’s find-
ing. In Table 2 of Kurozumi (2008), the optimal commitment policy is not sustainable with
B =0.99—ie., 3=0.99 < § for most parameter values of (s, A, p).”" Also, Table 3.a shows
that the optimal commitment policy is less likely to be sustainable when A/k or p is higher,
i.e., the probability of binding constraints is higher. This finding coincides with Kurozumi’s
finding for A/k, but not for p.

The variation of the lagged output gap, which Kurozumi’s analysis disregards, is the
key to understand the differences. As Section 3.1 and Figure 3 explain, two opposite forces
threaten the sustainability of the optimal commitment policy. First, the smaller the absolute
value of w; is, the better is the outside option of the optimal discretionary policy, and
policymakers have greater incentive to abandon their current policy. Second, the larger
the absolute value of x;_; is, the more likely policymakers are to abandon its previous
commitment. When p is higher, u,; is larger, which also increases the lagged output gap in
the next period z;. The effect of the latter dominates that of the former. Therefore, the
higher the p, the less likely is the optimal commitment policy sustained. Kurozumi disregards
the latter effect—the variation of the lagged output gap.

Table 3.b compares the ratio of the unconditional mean of the output gap under the

optimal commitment policy to that under the optimal discretionary policy (0¢/c?), which

19The difference in social welfare between the optimal commitment and discretionary policies V(uy, x4 1)—
W(uy) is analytically obtained in Appendix A.1.

*0The other parameters are fixed (8, 0., m) = (0.99,0.154,6) . The standard deviation o is irrelevant to
the probability of a binding constraint because we can rewrite F(8) = o2F(j).

21The best Markov quasi-sustainable policy is also calculated in Table 3 of Kurozumi (2008); it is a
linear function of the markup shock. This study calculates the optimal quasi-sustainable policy, which is a
non-linear function of the markup shock and lagged output gap.
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can be calculated analytically. When A/k and/or p is higher, the output gap is relatively more
volatile under the optimal commitment policy. The sustainability constraint is more likely to
be binding, and the optimal sustainable policy diminishes the steadfastness of commitment
via the lagged output gap.

If the lower bound of discount factor 3 is calculated using the method in Kurozumi (2008)
but with the unconditional variances of the markup shock and lagged output gap, also used in
Loisel (2008), the result obtained is consistent with that using the policy function iteration
method (Table 3.¢). The higher the p, the less likely is the optimal commitment policy
sustained (i.e., the higher the ) because the variation of the lagged output gap is taken into

account.

[Table 3 is inserted here]

5 Conclusion

This study solved for the policy functions of the optimal quasi-sustainable monetary pol-
icy to invite a quantitative analysis of optimal sustainable monetary policies as proposed
by Kurozumi (2008). Stochastic simulations show that the difference between the optimal
quasi-sustainable policy and the optimal commitment policy is practically zero for a pa-
rameter set calibrated using U.S. data. In an economy with some alternative parameters,
the optimal quasi-sustainable policy yields higher social welfare in terms of unconditional
expected utility than the optimal commitment policy. The dynamics of the lagged output
gap provide the key to such differences. When the lagged output gap, which measures poli-
cymakers’ previous commitment, is large, the optimal quasi-sustainable policy endogenously
diminishes the steadfastness of policymakers’ commitment via the lagged output gap.

One interesting direction for future research is to introduce a ZLB on the nominal interest
rate into the model. Following a sizable economic shock, the presence of ZLB is also crucial
for conduct of monetary policy.”> When a ZLB is explicitly considered, markup shocks and
real rate shocks affect the short-term dynamics of inflation and the output gap because
the ZLB prevents policymakers from controlling the real economy in the short run. For
quantitative analysis, the optimization problem is solved with the sustainability constraint
and the ZLB, both of them occasionally binding constraints, by applying techniques used in
this study.?

22Gee Adam and Billi (2006; 2007), Nakov (2008) and Bodenstein, Hebden, and Nunes (2012). Nakata
(2014) examines sustainable plans in a NK model with ZLB, but he checks only whether the sustainability
constraint is binding, like Kurozumi (2008) and Loisel (2008).

23However, the optimal discretionary policy might not induce the worst sustainable equilibrium value,
which is on the right-hand side of the sustainability constraint, when ZLB is imposed.
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Solving a non-linear version of the model also remains for further research.”* This study
considers the non-linearity induced by the sustainability constraint; hence, considering the
original non-linear model is a logical extension of the linear-quadratic framework considered

here.
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18



A Appendix

A.1 Analytical solutions

The policy rules for the optimal commitment policy and the optimal discretionary policy are

given by:
xf = azup + by, = arzu + brxi_q,
d _ d _
Ty = CglUg, Ty = CrlUg,
where

a; = —(k/AN)/[BOT = p)] <0, ar = (1/[B(b" - p)]) >0,
by = b~ € (0,1), by = (A\/#)(1 =) > 0,
o = —(k/N)/(1 = Bp+K2/N) <0, cr=1/(1—Bp+r/\) >0,

and bt = [(1 4+ B+ £2/\) £ (1 + B+ x%2/X)? — 48)5]/(2p) is the solution of a quadratic
equation f(b) = Bb* — (1 + 8+ k*/A\)b+ 1= 0. Note that b* > 1 and b~ < 1.
For measures of social welfare, expected utilities conditioned on initial conditions (u, ;1)

are given by?’

2 2 2
d _ Cr + Acx 2 BO_E
7% (ut) = _1——Bp2 <Ut + 1— 6) ; (9)
. b2 4+ N2 2 o, Bai(bZ+ \b2) 1 ,, po?
Ve, o) = _1—51735"1_(@”““” g 1=\ 1= 1

Also, unconditional variances of the markup shock and output gap are given by

c>2 — ai(l-‘rb;cp)ffg
z (1-62)(1=bap)(1—p?)’

A.2 Computation
A.2.1 Numerical algorithm

To compute the policy function, a version of the policy function iteration method with

occasionally binding constraints is used, as in Kehoe and Perri (2002). Let s = (u,z_1) €

25The form of conditional expected utility for the optimal commitment policy is different from Equation
(6) in Kurozumi (2008), because (b2 + A\b2)(1 — Bb2) "1 Bab, + arby + Aagb, = 0 is utilized.
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U x X where U and X are closed sets. A state-space representation is written as:

V(s) = =([r(s)]* + Az ()]) + 8D p(u|u)V (', 2(s)),

z(s) = —gw(s) + 2(8)x_1,

7(s) = kx(s)+u+p Zp(u’|u)7r(u’, z(s)),

A

V(s) > W (u),

where V(s), m(s), 2(s) and z(s) are the policy functions and W(u) is the worst sustainable
equilibrium value induced by the discretionary policy, which is computed numerically. The

algorithm is as follows:

1. Set the initial guess of the functions V(¥ (s) and 7(*)(s) where s = (u,z_;) is each grid

point on U x X.

2. Solve the relevant equations for the values (V5 7% 2% 24%) for every grid point s,

given the functions V01 (v ) and 70~V (v, ).
3. Set new functions V) (s) = {V»*},cyxx and 70 (s) = {7 }scrnx.
4. Iterate 2-3 until the functions V¥ (s) and 7((s) converge at each grid point.

In Step 2, there are two possible binding patterns of the sustainability constraint: (i) the
constraint is slack or (ii) the constraint binds.

(i) 2% = 1. Then I can solve

Vo = ([ + A + B3 pl )V D W, 25),

. K .
rhs = _ghs + T_q,

A
7 = ke +u+ Zp(u’lu)ﬂ(i’l)(u’, %),

u’

for the values of (2%, % V).
(i) z* € (0,1) and V¥ = W9(u). I can solve

W) = — ([ + M) + 83 p(ul ) VED (ol ),

. K . .
755 = _X,]rz,s + 2%,
7 = ke fu+ Zp(u’]u)ﬁ(i’l)(u’, %),

u/
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for the values of (2%, %%, 25%).
2" may not be on the grid points. Therefore, the functions need to be approximated.
Spline interpolation is used between the grid points X, and linear outerpolation is used
outside of X.?° More specifically, the conditional expectations are approximated as h,;(x) =
>, P(uglud)V(uy, @) and hei(z) = 32, puj|ug)m(u;, @) for each i = 1, ... ny, by cubic splines.
The worst sustainable equilibrium value W¢%(u) is computed easier. From Equations (1)

and (4):

12
(1 + T) Ty = BET1 + Uy

It can be written as
(2
<1—|— ) 5219 wj|ug)m(uy) + g,

This is linear in 7(u;) for each grid uy, us, ..., u,,. Equivalently,

L4+ 5 = Bp(wlw)  =Bpluslun) o =Bp(un,|m) () w
—Bp(u1|uz) 1+ H—; — Bp(uglug) -+ —Bp(tn, [uz) (ug) | w2
—BP(U1|Unu) _BP(U2|unu) R 572 - 6]7(“% |unu) 7(“%) Un,

which can be easily solved for m(u;). Having 7(u;), substituting (4) into (3) yields:
o 52 ~
i) = = (14 ) Inw)P + 5 vl

which can be solved similarly for W4(u;).

A.2.2 Approximation errors

The optimal quasi-sustainable policy is obtained by numerical method, therefore, the accu-
racy of the solution is needed to be assessed. Following Adam and Billi (2006), the residual

function is computed:

R(3) = =V(3) = ([7(3))* + Alz(3)]) + Bhai(x(3)),

26Tt may be justified by observing that the policy function in the optimal commitment policy is linear,
which is obtained by solving the problem without the sustainability constraint.
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where § € X x U has finer grid points than the original ones to solve for the policy function.
A total of 201 grids are used for X compared to the original 15 grids on X?7. Note that
R(s) = 0 exactly holds on s € X x U. Linear interpolation is used to evaluate V(5), 7(3),
and z(5), which are off the original grids. For the baseline parameters, the absolute and
relative errors are calculated as e® = ||R(3)|,, and e" = ||R(3)/V(5)| ... When 8 = 0.9,
e®s = 0.0013 and €™ = 0.0079. When 3 = 0.9913, ¢®* = 0.0016 and " = 0.0008. If the

sustainability constraints never bind, the errors are almost zero.

A.3 Further numerical results

Figure 5 shows a sample simulated path with baseline parameters and g = 0.9. A total of
51 periods (from period 500 to 550) are selected from a simulated sample of 1000 periods, to
see the dynamics with reasonably-sized shocks. At period 510, the sustainability constraint
is binding. Before that, negative disturbances sequentially hit the markup shock and the
output gap rises. After the markup shock reverts to the mean, a remaining large output gap
triggers the constraint to bind, and then the output gap in the optimal quasi-sustainable
policy drops more than the output gap in the optimal commitment policy does. At periods
505, 546 and 548, the sustainability constraint is also binding, but the effect of binding

constraints on the output gap is much smaller.
[Figure 5 is inserted here|

Table 4 looks at the unconditional means of inflation and the output gap, as well as the
unconditional and conditional expected utilities. The unconditional means of inflation o is
not significantly affected by binding constraints. Those in the optimal quasi-sustainable and
commitment policies are almost the same. When A/k is higher, the unconditional expected
utility V in the optimal quasi-sustainable policy is higher than the unconditional expected
utility in the optimal commitment and discretionary policies. As predicted, the conditional
expected utility V'(0,0) takes the highest value in the optimal commitment policy for all
parameter sets considered here, and it takes the same value in the optimal quasi-sustainable

policy when the probability of binding constraints is 0.

[Table 4 is inserted here|

2TThe same grids are used as the original ones for U because Tauchen’s method is used.
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Figure 1: Stabilization bias and time inconsistency.

a. Period 0

T T[Q,z KXy + Uy
7’

b. Period 1

Ty = KXq + Uuq

26



Figure 2: Impulse response functions: g = 0.9.
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Figure 3: Policy function of z(u,z_1) and difference in social welfare: g = 0.9.

a. z(u,x_1)

o

b. difference in social welfare (— max{V (u,z_1)/W4(u) — 1,0})

(O - xn) A)xeu-

Notes: The state space consists of the markup shock U and the lagged output gap X. The solid
line with the circle indicates responses of the optimal quasi-sustainable policy with the initial
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Figure 5: Sample simulated path: g = 0.9.
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Table 1: Parameter values.

Parameters Values Sources

£ Discount factor 0.9 or 0.9913 3.5% annual real rate
(for B8 = 0.9913)

k  Slope of the Phillips curve 0.024 Woodford (2003)

A Weight to the output gap 0.048 /42 Woodford (2003)

p AR(1) parameter of markup shock 0.0 Adam and Billi (2006)

0. Std. deviation of markup shock (%, q/q) 0.154 Adam and Billi (2006)
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Table 2: Simulation results with baseline parameters.

5=09
Or o 1% V(0,0) Pprcy

Sustainable  0.4556 1.1228 -0.1675 -0.1456  6.79
Commitment 0.4561 1.1289 -0.1682 -0.1454 —
Discretion ~ 0.5203 1.0405 -0.2017 -0.1815 —

£ =0.9913
Or o 1% V(0,0) Pprcy

Sustainable 0.4435 1.0612 -1.8013 -1.7778  0.00
Commitment 0.4435 1.0612 -1.8013 -1.7778 —
Discretion 0.5203 1.0405 -2.3179 -2.2972 —

Notes: 100 simulations are perfomed to calculate the mean of standard deviations in simulations for
each policy. The length of periods in each simulation is 1,000, and 50 initial periods are discarded
to eliminate the effect of initial values. The same pseudo-random numbers are used in simulations
for each policy.
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Table 3: Results with alternative parameters.

a. Probability of binding constraints, Ppr.<1y (%)

K A
0.001 0.01 0.0625
0.005 0.00 0.53 1.35
p=0 0.01 0.00 0.01 0.36
0.05 0.00 0.00 0.00
K A
0.001 0.01 0.0625
0.005 0.00 0.57 545
p=0.35 0.01 0.00 0.00 0.33
0.05 0.00 0.00 0.00
b. Ratio of unconditional means of the output gap, o¢/o?
K A
0.001 0.01 0.0625
0.005 1.71  3.25 5.61
p=0 0.01 1.19 220 3.70
0.05 0.85 0.97 1.50
K A
0.001 0.01 0.0625
0.005 220 451 797
p=0.35 0.01 141 294  5.17
0.05 090 1.10 1.89

c. Lower bounds of discount factor (with unconditional means), 3

K A
0.001 0.01 0.0625
0.005 0.838 0.944 0.977
p=0 0.01 0.719 0.893 0.955
0.05 0.493 0.626 0.802
K A
0.001 0.01 0.0625
0.005 0.844 0.945 0.977
p=10.35 0.01 0.734 0.895 0.956
0.05 0.511 0.649 0.810
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